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Bo, Boltzmann number, %; 

Bu, boundary-layer Bouguer 'number, 

r&/W4 ; 
fv dimensionless stream function, equa- 

tion (7); 

i: 
dimensionless enthalpy, equation (8) ; 
enthalpy ; 

j, geometric parameter; (0, 1) for (two- 
dimensional, axisymmetric) flow ; 

k coefficient of thermal conductivity ; 

p, static pressure ; 

pr, Prandtl number 5. 
’ k’ 

% heat flux vector ; 

2 distance from axis of symmetry ; 

IT; 
body nose radius ; 
universal gas constant ; 

Re, Reynolds number, 

(&), = ‘?, (R& =!!$?; 
e e 

T, temperature ; 

4 v, velocity components parallel and nor- 
mal to body surface ; 

ue* reference velocity, CJZ = 2T,I? ; 
x, Y, distance along and normal to body 

surface. 
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Abstract-A general formulation and method for solving viscous, radiating, non-similar boundary-layer 
flows is developed and applied to both the stagnation region and a flat plate. The formulation and solutions 
provide for an emitting and absorbing gas including the entire range of optical thicknesses, from thin to 
thick. Results indicate the direct contribution of radiation to the net heat flux as well as the decrease of 

temperatures, their gradients and the related conductive heat transfer to the wall. 
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Greek symbols 
radiation-convection interaction para- 
meter, z JBo ; 
transformed coordinate normal to 
body surface, equation (6) ; 
Planck’s mean volumetric absorption 
coefficient ; 
ratio of (density viscosity) products, 
equation (9) ; 
coefficient of viscosity ; 
transformed coordinate along flow 
direction, equation (5) ; 
density ; 
Stefan-Boltzmann constant ; 
optical thickness, equation (16) ; 
optical thickness of the boundary 
layer ; 
characteristic optical thickness, 

(231 = RKO, (~~12 = x~o; 

stream function. 

Subscripts and superscripts 
I 
9 derivative with respect to r,~ ; 

ii, 
conduction ; 
diffusion approximation ; 

2, 
outer edge of boundary layer ; 
radiation ; 

; 
wall ; 
stagnation reference state ; also trans- 
parent layer approximation ; 
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1, stagnation region ; 

2, flat plate ; 
I, II, first and second order thin gas ap- 

proximation ; 

a, free stream property. 

INTRODUCTION 

A RADIATION coupled flow is one in which the 
flowing substance is sufficiently hot to both emit 
and absorb radiant energy. Such flows are 
encountered in a number of natural and engine- 
ering sciences including planetary and stellar 
atmospheres, oceanography, radiant boilers, 
furnaces and the flow of molten glass and 
plastics. Recent interest has grown steadily with 
the foreseen speed increase of re-entry space 
vehicles. Large superorbital velocities imply that 
the temperature of the gas surrounding the 
vehicle is sufficiently high to excite even a 
relatively weak radiator such as air to emit 
and absorb. Earlier investigations [l, 21 have 
shown that the flow field effects are governed 
to a large extent by a simple radiation-convec- 
tion interaction parameter, r, with radiation 
of considerable importance whenever r B 0.1. 
On this basis Fig. 1 indicates the regions of 
atmospheric flight for which radiation coupling 
will be of interest, based on conditions behind 
a normal shock where the radiant intensities 
are largest. Of course, r will be smaller in 
magnitude for less severely disturbed flows. 

It is characteristic of the viscous boundary 
layer that temperatures of the order of the 
stagnation temperature may be present, thus 
introducing direct radiation heating of the 
boundary as well as alteration of the layer 
structure and so conductive heating. A reduc- 
tion of the thermal gradients is expected due to 
radiation exchanges and the resulting relative 
magnitude of radiative and conductive energy 
fluxes is of major interest. 

Several solutions of the radiating boundary 
layer over a flat plate have appeared recently 
in the literature, each using different techniques, 
see [3-51. They are concerned with flow condi- 
tions somewhat different from those assumed 

here thus prohibiting quantitative comparisons. 
For example, Pai and Tsao consider very high 
temperature external flows, 5000 < T, < “K 
40000, while Cess assumes negligible viscous 
dissipation. Our flow model for a flat plate will 
come closest perhaps to Oliver and McFadden 
except for their low [(y-‘/2) M2 = 0.011 and 
intermediate [(y-‘/2) M2 = 3.01 external flow 
velocities in contrast to the very high velocity 
condition [(u,2/&) + 21 to be encountered in 
re-entry trajectories. The present purpose is to 
devise a unified analysis and method of solution 
which will be applicable to a boundary-layer 
flow with a pressure gradient, and allow for a 
range of absorption (or optical thickness), 
without depending on highly complex and/or 
time consuming numerical schemes. The analy- 
sis will be restricted, however, to thin viscous 
and thermal boundary layers for which the 
Navier-Stokes equations can be simplified 
using familiar boundary-layer approximations 
and for which, it will be shown, the use of a 
one-dimensional radiation model is justified. 
For simplicity the gas is assumed to be “gray” 
and in thermodynamic equilibrium. 

GOVERNING EQUATIONS 

The general conservation equations for a 
single component radiating gas are available 
in [l]. For two-dimensional or axisymmetric, 
steady boundary-layer flow the descriptive 
conservation relations are : 

-&mS) + gpur’) = 0 

,u(~)+,u(~)= -g+;($), (2) 

pu(g)+pu(~)=u~+~(kg) 
au 2 

+p ay 0 - v ‘QR = 0. (3) 

A reduction of the number of independent 
variables is obtained upon introducing a stream 
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l- = (rL/80)=10-5 

Satellite re-entry 

IO 20 30 40 50 60 

Velocity , rt/s 

Rc. 1. r, based on properties behind a normal shock and R = 1 ft. 

function I/I on the basis of the continuity equa- and use the following convenient normaliza- 

tion tions : 

a* j. a*__porj. ay = pur , ax - (4) 

Despite the expectation of a non-similar 
formulation a similarity transformation may 
be used to reduce equations (l-3) to a more 
amenable form for numerical evaluations. For 
this purpose we introduce the Lees-Dorotnitsyn 
transformation [6] to a new system (5, q), 
through 

5 3 $ p,u,pL,r2j dx, (5) 

(6) 

We define also a modified stream function,f, by 

V.% 
V,% -x 

0 0 

where ho, the reference enthalpy, is taken as the 
stagnation enthalpy of the free stream. 

Equations (2) and (3) now become 

2D 

(7) 
aif- a*f 

--~ = ) all am 
o (11) 
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x !!f v.q,=o. 0 (12) 
P 

V . qR as derived from the basic radiative 
transfer equations, is presented in [I]. 

The associated boundary conditions are 

af 
at q=O: f=const., g=g,, -=0 

all 

at q-+1: g = ge, af = 1. 
aq 

i 

(13) 

RADIATIVE ENERGY FLUX 

In a boundary layer the Prandtl reduction of 
the Navier-Stokes equations implies viscous 
and thermal layers which are thin and for which 
the dominant variations occur across the layer. 
It follows that changes of the radiative heat 
flux in the layer are such that 

(14) 

We shall further assume that the flow external 
to the viscous layer and the wall adjacent to the 
layer are non-reflective and at a constant 
temperature. Under such conditions V. qR 
reduces to (see for example [2, 71) 

V.q,(z) d?$L { CK 4T4(?) - 2TP; &(z) 

- ~T;&(T, - z) 
re 

- 2 
s 

T4(t)El((z - tl)dt 
1 

(15) 

0 

z, the “optical thickness”, is defined as 
? 
6 4~) dy 

and in terms of the transformed coordinates 
(5, n) is given by 

(16) 
n 

E, is the exponential integral [S] 

E,(Z) = i p(“-2) edZIp dp. (17) 

Equations (11,12, 15) represent a formulation 
of the radiation coupled viscous flow problem 
but unfortunately involve partial integro-dif- 
ferential equations the straight-forward numeri- 
cal solution of which requires a large expense of 
computation time (e.g. see [9]). Appreciable 
simplifications result upon approximating 
V. q,(y) by localized terms involving only 
properties at the point y (or z). The governing 
equations without the integral term reduce to 
a set of partial differential equations and the 
computation times become comparable to those 
for classical boundary layers. 

Localized expressions for the radiation ab- 
sorption integral are readily obtained for the 
limits of optically thin (7, $ 1) or optically 
thick (r, $ 1) layers. These may be summarized 
as: 

1. Transparent layer approximation (7, 4 1) 

PI 
(V . q,), = 4aicT4. (18) 

2. First order “thin” layer approximation 

(7,” + 1) [71 
(V . q,JI = alc[4T4 - 2T: - 2T:]. (19) 

3. Second order “thin” layer approximation 

(rZ 4 1) II71 

(V. q,JII = OK 
[ 
4T4 - 2T; - 2T: 

+ +(r, - 2)2 (3 - y - log (r, - z)} 

where y is Euler’s constant (0.577216 .). 
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4. “Thick” layer (Rosseland or diffusion) ap- 
proximation (r, % 1) [2] 

(Vq&,= -;V (21) 

5. Infinitely thick layer (r, + co) 

lim (V . qR) = 0. 
T*+ co 

(22) 

The first and second order “thin” layer 
approximations follow upon twice integrating 
by parts the integral term of equation (15) and 
expanding E, and E, for small values of the 
argument (as, e.g. [S] p. 255). 

A more generalized approximation, applic- 
able for the entire range of optical thicknesses, 
is based on matching an initially unknown 
function, T4, by a polynomial, f(z), using 
Lagrange’s interpolation formula 

T4 -f(7) = ~ Aiz’. 
i=O 

(23) 

The coefficients Ai are determined by making 
f(z) take on the same values as T4 for n + 1 
predetermined distinct values of z(r = zo, zr, 
. . . 73, resulting in n + 1 linear algebraic equa- 
tions for the Ai. One may start by taking the 
uncoupled similarity solution for the tempera- 
ture distribution in combination with 7 for 
the same layer. 

Introducing equation (23) into the integral 
term of equation (15) and integrating by parts, 
results in the nth term: 

r. 

t"E47 - tl)dt = 

= n! 

X [(-I)“-k + I] -7: X a?&,+l-k(7e- 7)} 

(24) 

This reduces the system to a’set of partial 
differential equations for which existing nu- 

merical techniques are applicable, proceeding 
by iteration or successive approximations. Each 
iteration implies a new distribution of T4, 
and therefore new Ai for the next iteration. The 
procedure is repeated until self consistency is 
obtained ; namely, until two successive solu- 
tions are virtually identical. Accuracy increases, 
of course, with increasing terms, n, in equation 
(23), at the cost of additional computation time. 

SOLUTIONS FOR STAGNATION REGION 

AND FLAT PLATE BOUNDARY LAYERS 

Equations (11) and (12) simplify considerably 
for both the stagnation region and flat plate 
boundary layers. 

Stagnation region 
Assume a Newtonian velocity distribution of 

the form u, = U, x/R ; restricting the analysis 
to the vicinity of the stagnation point where 
T,, pe and p(e are nearly constant and r N x, 
the radiation interaction parameter becomes 

(p::;g) (gij = j&R)(%) 
1 (731 _ 1 =--=- 

j+l B, 
r 

j+l l 
(25) 

and the optical thickness, equation (16), is now 
given by 

(26) 

r1 is clearly 5 (or x) independent and so is 
V. QR when it is based on a one-dimensional 
radiation model. Similarity solutions can be 
sought therefore for the stagnation region 
radiating boundary layer. For an axisymmetric 
body (j = 1) and with (u~/ho) < 1 (resulting, 
e.g. from a strong shock wave which preceeds 
the body) the governing equations reduce 
finally to 

(/If”)‘+ ff” + $(g -y2) = 0 (27) 

+fs’ - ;r, $ G=o. (28) 
e 



694 JOSEF SHWARTZ 

The boundary conditions are still given by 
relations (13) with ge = 1.0. gw = 0.1 was used 
for all stagnation region solutions. 

Flat plate 
With a low temperature external flow, pe, U, 

and pe maintained constant and j = 0 the radia- 
tion interaction parameter is given by 

=2ti&l- 
Bo 2 (29) 

and the optical thickness 

z 

2 
(30) 

0 

T2 is specifically x (or 5) dependent such that 
the energy equation remains in partial dif- 
ferential form. 

With (au,/@) = 0 and (r&ho) -+ 2 for a high 
speed external flow the governing equations are 

f”’ + f4” = 0 

g” + fs’ + 2(f”)2 - 24f’$ 

-2r,fv.q,=0 
P 

subject to boundary conditions (13). 
was used for all flat plate solutions. 

(31) 

(32) 

ge = 0.02 

For the numerical solution of equation (32) 
changes relative to 5 may be treated as finite 
differences while retaining differentials in the q 
direction. The partial differential equation is 
then approximated by a total differential equa- 
tion, as first introduced by Hartree [lo] and 
later used for a variety of boundary-layer 
problems by Clutter and Smith [ 11, 121. 

Note that the parameter Bu = [zJJ(Re)] 
determines for both cases the magnitude of the 
layer’s optical thickness, equations (26) and (30), 
and may be considered as an effective reference 
optical thickness, known also as a boundary- 
layer Bouguer number [5]. Bu < 0 (0.01) and 

I.1 

IO 

0.9 

08 

o-7 

p 0.6 (T,/Bo)=od 

gv=o.I 
05 

o-4 

0.3 

O-2 

01 

I I I I I I I 
0 I.0 20 3.0 4.0 5-o 6-O 7.0 6.0 

T) 

FIG. 2. Stagnation region enthalpy profiles and coordinate system, T,/&J = 0.1 
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Bu > 0 (10) implies usually optically thin and equations were solved numerically. Computa- 
thick layers respectively. tion times were comparable with those required 

For both flow regimes the solutions are for the solution of non-radiating boundary- 
restricted to constant A and Pr parameters layer equations: 5-10 s for a complete run on 
(e.g. A = Pr = 1) corresponding to a single an IBM 7094. 
component non-reacting gas. The results obtained are presented in Figs. 

V . qR was computed at each point by means of 2-6. These show the increasing importance of 
equation (15) in which the integral terms was radiation with increasing interaction parameter 
replaced by approximation (24) with n = 2. The r, but with modi~cations according to the 

@? 

0.2 

O-I 
~ 

1 I I I I I I I 
0 I.0 2.0 30 4.0 5.0 6.0 7.0 I 

3 

FIG. 3. Stagnation region enthalpy profiles, ZJBO = 1.0. 

I.1 

or ’ ’ ’ ’ ’ ’ ’ ’ 1 ’ ’ 
-7 -6 -5 -4 -3 -2 -I 0 I 2 3 4 5 

log,0 Wu) 

0 

FIG. 4. Effect of radiation on conductive heat transfer to the wall (stagnation 
region). 
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- ** =0.33 
---_- gw q 0.25 
-_- gr =O.lO 

I I I I 
0 I 2 3 4 

FIG. 5. Flat plate enthalpy profiles. 

0.2 

t 

g.=o.o2 
g.=O.25 
Rc (x=lfl~=3~4xlo5 

0 lo I I I I I 
/ 2 3 4 5 6 

r= (g.q 
FIG. 6. The effect of optical thickness on the conductive 

heat-transfer parameter g’(0) (flat plate). 

optical thickness parameter Bu. The presence 
of radiation in the layer has a tendency to 
reduce the enthalpies (or temperatures), their 
slopes, and increase the thickness of the thermal 
boundary layer, as compared to the non- 
radiating case (Figs. 2, 3 and 5). (Figure 3 shows 
only the inner portion of the profiles ; par- 
ticularly for the optically thin layers, g reaches 
the asymptotic value of unity at considerably 
higher q. The figure was limited to “small” 
9 values to accentuate the differences in the 
enthalpy slopes near the wall.) From the changes 
in the enthalpy slopes near the wall the effect 
of radiation on the conductive heat transfer 
to the wall can be deduced. The coupling 
between radiation transfer and convection in 
the flow field generally reduces the conductive 
heat transfer to the walls (Figs. 4, 6). For a 
given interaction parameter I’, the effect of 
radiation is largest for small Bu, since there is 
then little reabsorption. The radiant energy 
flux in the layer is at its peak. With increasing 
Bu, but maintaining the same r level, the overall 
loss of energy through emission decreases. 
Finally, for very large Bu, the radiation energy 
is locally “trapped” and the net effect of radia- 
tion decreases sharply, consistent with equation 

(22). 
In Table 1 the results of three approximations 

are compared ; the generalized approximation 
with n = 2 agrees closely with the thin layer 

Table 1. Comparison of results obtained with three dgferent approximations. (Stagnation region with zJB0 = 0.1) 

En=& 
Thin gas approximation Thin gas approximation 
1st order, equation (19) 2nd order, equation (20) 

g’(O) f “(0) g’(O) f “(0) 

1o-5 0.3829 0.5803 0.3829 0.5803 
1o-4 0.3834 05806 03833 0.5805 
1o-3 @3876 0.5829 0.3874 0.5823 
1o-2 04060 0.593 1 04057 0.5930 
10-l 0.4205 0.6009 0.420 1 0.6003 

1 0.4204 0.6009 0.4247 0.6043 
10 0.4303 0.607 1 
lo* 0.4307 O-6073 

For non-radiating layer--g’(O) = 04495,f”(O) = 0.6184 

Generalized 
approximation (n = 2) 

g’(0) f “(0) 

0.3829 0.5803 
0.3833 0.5805 
0.3872 0.5826 
04055 0.5930 
0.4197 06002 
04412 0.6132 
04494 0.6183 
0449 5 0.6184 
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approximations up to Bu = 0 (0.1) and ap- of radiation and convection in the laminar boundary 

proaches the correct limit of zero radiative layer, J. Heat Transfer 88,205 (1966). 

transfer as Bt.4 % 1. 
6. L. LEES, Laminar heat transfer over blunt-nosed 

bodies at hypersonic flight speeds, Jet Propul. 26(4), 
259 (1956). 
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R&m&--On expose une formulation gtnerale et une methode pour resoudre les Ccoulements de couche 
limite visqueuse, en non-similitude avec rayonnement et on l’applique ii la fois a la region d’arrh et a une 
plaque plane. La formulation et les solutions sont fournies pour un gaz Bmetteur et absorbant en incluant la 
gamme totale d’tpaisseurs optiques. Les rtsultats indiquent la contribution directe du rayonnement au 
flux de chaleur net aussi bien que la decroissance des temperatures, leurs gradients et le transport de 

chaleur par conduction vers la paroi. 

Zusauunenfaasnng-An allgemeinen Formulierungs- und Liisungsmethoden wurden fur z&he, nicht- 
ahnliche Grenzschichtstrijmungen mit Strahlung gefunden und sowohl auf den Staubereich als such auf 
die ebene Platte angewendet. Die Formulierung und die Liisungen beriicksichtiaen emittierendes und 
absorbierendes Gas im gesamten Bereich der op&chen Dicken von diimr bis dick.bie Ergebnisse zeigen 
das direkte Mitwirken der Strahlung am Warmefluss sowie die Abnahme der Temperaturen, ihrer 

Gradienten und des damit verbundenen Wiirmelibergangs an die Wand. 

Amomqarr-npemomem o6ualr +opMynapoBKa H nteTo& pemenmi aaaawi 0 BR~KHX Ke- 
aBTOMOAeJTbHhlX Teqeminx uanysamnlero norpaHKrHoro CJIOR. Ha aToft OCHOBe npoBeaeK0 
aKamTmecKoe uccnemiaaawe ru~po~nKamKn II TennooBnreHa B o6nacTK nepeAHeff KPUTII- 
~ecKo~~o~~uKan~ocKottn~acTKHe.PeaynbTaTbIK~eIo~~Kp~~y~npK~eKK~ocTb~c~y~a~x 
Kanyqamqero II ndraoqaqqero raaa Bo Bcenf AnanaaoKe aKaseHKi onrmecnoi ~omqmiq 
OT 6Onbnuix A0 MamIX. YCTaHOBJIeHa AOJIR TenJIOBOrO kiWIy9eHKR B o6mem eHepreTIlqeCKOM 
nOTOKe. nOACWiTaHL4 TaKme CHHmeHEle TeMnepaTypbI, e6 rpaAHeHTOB II KOHAyKTHBHaH 

cocTaBnmo~an TennonepeHoca K cTeHKe. 


